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Schmidt has defined (a,p) games and has found applications for them in 
diophantine approximation. The following question has been asked: If S is (a.p)- 
winning and 0 < a’ < a < 1 and 0 < /3<p’ < 1. does it follow that S is (a’,P’)- 
winning? Here I give a counterexample which answers this in the negative. 
DEFINITION. ForO<a< 1 andO</3< 1 andScR,the(a,/?)-gameon 
S is played as follows. First, Black picks a compact real interval B, of any 
length Z(B,). Then White picks a compact interval W, c B, of length 
I( W,) = al(B,). Black follows this with a compact interval Bz c W, of length 
I(B,) = /3l( W,), etc. Thus a nested sequence of compact intervals is produced 
with lengths 
I(B,) = (c$)~-‘@?,) and I(W,)=c@-‘I(B,)(k= 1,2 . . . . ). 
Then nF=, Bk=n& w,, which is a single point, and White wins iff this 
point is in S. 
S is an (a, @winning set iff White is able to win no matter how Black 
plays. 
Let S denote the winning set for White and let it consist of all real 
numbers whose base 6 decimal expansion somewhere contains either a 0 or 
a 5. 
Claim 1. S is (a, /3)-winning for a =/I = 4, 
ProoJ Black begins by choosing a compact interval B, . Then the length 
of Black’s kth move is given by I(B,) = ({)k- ’ I@,). From this it follows 
that there are integers m and n such that 
2(i)” < Z(B,) < Z(d)” (1 + b,. (1) 
Fix such an m and n, and let w, and 6, be the centers of W,,, and B,, 
respectively. Now let White’s strategy be such that at move m, White picks 
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rounded off to the nth decimal place (base 6). Hence 
$m ybm&$)(i)n. Also, since Z(B,) > 2(i)’ and since 
l(Wtn) = mm) (2) 
we get that W, c B,. Also w, consists of all zeros after the nth decimal 
place (base 6) and hence we get Z= {x: Ix- w,I < (;)“+I + (b)““} is 
contained in the set S, since any point in the interval Z will contain either a 0 
or a 5 in the (n + 1)st or (n + 2)nd decimal place. Now from (1) and (2) we 
get 
l(Z)= 2[($" + (+,““I = i($(l + i) > $(W,). 
If we let I, denote the closed, middle third interval of W,, then we easily 
have that I, c S. 
Now let White pick W,, , so that either its left or its right endpoint is w,. 
Since 1(B,+ ,) = iZ( W,) and I( W,,,, ,) = fl(B,+ I), one of these two choices 
will always be possible, and we easily get I,,,, , c I,,, c S. Continuing all 
further moves in this fashion, we get 
; B,= fi W,= ; Z,ES 
k=I k=l k=m 
and White wins. Notice that according to this winning strategy, White can 
play anything for the first m - 1 moves. 
Claim 2. S is not (a, &winning for a = 3, p = i. 
ProoJ: It suffices to show a winning strategy for Black. Let Black’s lirst 
move, B,, be the interval [ 1, 21. Let bi and WE denote the left endpoints of 
B, and Wk. respectively. 
Since I( W,) = ; and W, c B, we get that in base 6, 1.0 < wt <I 1.4. Let 
Black play his next move as follows: 
For l.O,< w: < 1.1 let b$ = 1.1 
1.1 < w: < 1.2 b$ = 1.2 
1.2 < w: < 1.3 b; = 1.3 
1.3 < w:- < 1.4 b: = 1.4. 
Hence, we assure that B, c W, and that bt has neither a 0 nor a 5 until the 
second decimal place, and also that np=, B, when rounded down to the 
nearest integer (0th decimal place) will be bf(bt = 1). 
Repetition of this argument gives Bk+ I t W, and bi,, has neither 0 nor 5 
until (k -t 1)st decimal place and that Opel B, has no zeros or fives 
anywhere in its base 6 expansion and so Black wins. 
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